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Abstract 
Let G be a graph with a perfect matching and k be an integer such that l~<k< I V(G)l/2. 
Then G is said to be k-extendable if every matching of size k in G extends to a perfect matching 
of G. Plummer (1994) proved that every (2k + 1)-connected K~,s-free graph of even order is 
k-extendable. In this paper, it was proved that every (2k + n -2)-connected Kl,,,-free graph 
of even order is k-extendable. Also, an answer to the problem of characterizing maximal 
k-extendable graphs posted by Plummer (1994) and Saito (1989/90) is given. Besides, we show 
that a regular graph of even order belongs to the first class if its any two odd cycles have at 
least a vertex in common. (~) 1998 Elsevier Science B.V. All rights reserved 
1. Introduction 
We consider only finite simple graphs G with vertex set V(G) and edge set E(G). 
For any S C V(G), we denote by No(S) the neighbor set of S in G and write No(x) =: 
N~;({x}), by G[S] the induced subgraph of G having vertex set S and write G - S =: 
G[V(G)-  S]. I f  S, TC V(G) with SNT=O, we denote by ec(S,T) the number of 
edges of G joining a vertex in S to a vertex in T. For any M C E(G), we indicate 
by V(M) the set of vertices incident with some edge in M, and write V(e) = V({e}). 
We let G c stand for the complement graph of G, and let w(G), o(G) and I(G) denote 
the number of components, the number of odd components and the set of isolated 
vertices of G, respectively, and write i(G) = ]I(G)I. Also, let ~'(G) and z'(G) stand 
for the edge-independence number and the edge-chromatic number of  G, respectively. 
Throughout his paper, both k and n represent positive integers. Any other terminology 
or notation not defined here can be found in [2]. 
A graph G is said to be Ki,n-free i f  G has no induced subgraph isomorphic to Kl,,. 
A graph G is said to have the odd-o, cle property i f  any two odd cycles in G either 
have a vertex in common or are joined by an edge. Such a graph is also called 
a semi-bipartite graph. Furthermore, a graph G is said to have the strong odd-cycle 
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property if any two odd cycles in G have at least a vertex in common. Let G be 
a graph with a perfect matching and 1 <~k <IV(G)I/2. Then G is said to be k-extendable 
if every matching of size k extends to a perfect matching in G. Furthermore, if G 
is k-extendable, but G ÷ e is not, for any eEE(GC), then G is called a maximal 
k-extendable graph. 
In this paper we shall show that every (2k + n - 2)-connected Kl,n-free graph G is 
k-extendable, and present a criterion for a graph with a perfect matching to be maximal 
k-extendable. Also, we shall give some more results on matchings in semi-bipartite 
graphs. 
2. Matching extensions in graphs 
In [3,5], the author gave a criterion for a graph with a perfect matching to be 
k-extendable, as follows: 
Theorem A (Chen [3, 5]). Let G be a graph with a perfect matching. Then G & 
k-extendable if and only if o(G - S) <~ IS[ - 2k for all S C V(G) with ~'(G[S]) ~> k. 
Let us note that Theorem A is rather useful in studying k-extendability of matchings 
in graphs. For example, by using this theorem, we can show the result below (Recall 
that bind(G) is the binding number of G defined to be min{lNc(S)l/IsI} where the 
minimum is taken over all ~ ¢ S C V(G) such that No(S) ~ V(G)). 
Theorem B (Chen [5]). Let G be a graph of even order. If bind(G)>max{k, 
(7k + 13)/12}, then G is k-extendable. 
Also, resorting to Theorem A, we can give a very short proof to the next theorem 
(see [5]), which was first obtained by Plummer [10] (Recall that tough(G) is the 
toughness of G defined to be min{[SI/w(G - S)} where the minimum is taken over 
all S C V(G) such that w(G-  S)~>2). 
Theorem C (Plummer [10]). Let G be a graph of even order. I f  tough(G)>k, then 
G is k-extendable. 
The main purpose of this section is to give some more applications of Theorem A. 
Very recently, Plummer [11] found the next theorem. 
Theorem D (Plummer [11]). Every (2k + 1)-connected K1,3-free graph of even order 
is k-extendable. 
Our first theorem extends this result. 
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Theorem 1. Let k >, 1, n>~2 and G be a (2k + n - 2)-connected Kl,n-free 9raph of  
even order. Then G is k-extendable. 
Remark 1. Note that our Theorem 1 is sharp in the sense that for any n >/3, there 
exist infinitely many graphs with a perfect matching that are (2k +n-  3)-connected and 
KI,n-free, but not k-extendable. As a matter of fact, for any n ~> 3 and any positive odd 
integer m, let G be the graph constructed as follows: Take a complete graph K2k+n-3 of 
order 2k + n - 3 and n - 1 disjoint complete graphs K~ ) of order m (i --- 1,2 . . . . .  n - 1 ), 
and then join each vertex of K2k+n-3 to every vertex of all K~)'s. Obviously, G 
is a (2k + n -  3)-connected Kl,,,-free graph having a perfect matching. However, if 
S = V(K2k+n-3), then we have 
o(G-  S )=-n -  l >lSl - 2k=n-  3, 
where ~(G[S])~> k. Hence, we can assert by Theorem A that G is not k-extendable. 
To show our Theorem 1, we shall need Theorem A and the next result due to 
Sumner [14]. 
Theorem E (Sumner [14]). Every (n-1)-connected Kl,n-free 9raph of  even order has 
a perfect rnatchin9. 
Proof  of Theorem 1. First of all, by Theorem E we can assert that G has a perfect 
matching. Thus, to show that G is k-extendable, it suffices by Theorem A to show that 
o(G-S)<~[S  I -2k  for all SC  V(G) with ISl>~2k. (1) 
By contradiction, suppose that there exists So c V(G) with ISo[ ~>2k such that 
o(G - So)> ISol - 2k. (2) 
Then, we have 
o(G-  So)>~lSol - 2k + 2>~2 
as o(G - So) = ISo[ (rood2) and ISol >~2k. Thus, it follows that 
w(G - So)>~o(G - So) >~2. 
Since G is (2k + n -2)-connected,  we have 
]Sol >~2k + n - 2. (3) 
Let C be any odd component of G-  So. Since G is (2k + n -  2)-connected, there exist 
2k + n -  2 edges from C to So having distinct endpoints in So. Choosing such 2k + n -  2 
edges for each odd component C of G - So gives a collection of (2k + n - 2)o(G - So) 
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and hence it follows from (5) that 
o(G* - So)>~ tSo[ - 2k + 2. (6) 
If  IV(e) NSol ~< 1, then o(G* - So) <~o(G - So) and ~'(G[So]) = ~'(G*[So])>~k, and 
hence it follows from Theorem A that 
o(G* - So)<,o(G - So)<~ IS0l - 2k, 
contradicting (6). Hence, we must have that V(e)C  So. Besides, by (4) and Theorem G 
we know that 
ct'(G[Sol)>~k- 1 (7) 
and G is (k - 1)-extendable. Hence, in view of Theorem A we obtain that 
o(G* - So) =o(G - So)<~ ISol - 2(k - 1) --IS0] - 2k + 2. 
Combining this with (6) produces that 
o(G - So)= o(G* - So)= IS0l - 2k + 2. (8) 
This forces that 
a'(G[So])<~k- 1 (9) 
since otherwise by Theorem A we would have that o(G-  So)<~ IS0]-  2k, which con- 
tradicts (8). Now, (7) and (9) together leads 
• '(G[So]) = k - 1, 
which, in turn, implies 
~,(G*[So])<~k. (10) 
Thus, combining (10) with (4), we get that 
~'(G*[So] )  = k. 
We set T = So - V(e), and observe that 
~'(G[T] )=k-  1. 
Moreover, (8) is to say that 
o(G - V(e) - T )= IT[ - 2k + 4. 
Conversely, suppose that (i) and (ii) hold. Then by Theorem A we can assert that 
G is k-extendable. We intend to show that for any eEE(GC), G*=G ÷ e is not 
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k-extendable. Let T cV(G) -  V(e) satisfy (ii), and set So= T U V(e). Note that (ii) 
implies that 
o(G-  So)=[So[ - 2k + 2>0 
as ITl>~2(k - 1). Thus, for any matching M of size k - 1 in G[T], MU{e},  as 
a matching of size k in G*, cannot extend to a perfect matching in G* since 
ISo - V(M) - V(e)l = IS0l - 2k <o(G - So)=o(G* - So). 
Namely, G* is not k-extendable. Consequently, we can conclude that G is a maximal 
k-extendable. 
Proof of Theorem 4. (i) follows directly from Theorem A. To show (ii), let e be any 
edge of G c, and define G* = G + e. Then 
o(G* - S) <~o(G - S) 
for all S C V(G*)= V(G). Thus, if ~/(G*[S])>~k, implying that IS t ~>2k, then we have 
by hypothesis that 
o(G* - S)<<. IS I - 2k. 
So, (ii) also follows from Theorem A. [] 
4. Matchings in semi-bipartite graphs 
In this section, we present a couple of theorems on the existence of matchings in 
a graph having the odd-cycle property. 
Berge [1] extended Hall 's theorem as follows. 
Theorem H (Berge [1,Ch. 7]). Let G be a graph of even order with the odd-cych'~ 
property. Then G has a perfect matching if and only if [NG (S)[ ~> IS[ for all S C V( G). 
Moreover, as a corollary of a theorem on {K2,Ci [i>~3}-factor due to Tutte [15], 
we can obtain the following equivalent version of Theorem H. 
Theorem I (Tutte [15]). Let G be a graph of even order with the odd-cycle property. 
Then G has a perfect matching if and only if" i(G - S) <~ IS[ for all S C V(G). 
By applying either Theorem H or Theorem I, we can get the result below, which 
was first obtained by Fulkerson et al. [7]. 
Theorem J (Fulkerson et al. [7]). Every regular graph of even order with the odd- 
cycle property has a perfect matching. 
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Fig. 1. 
Considering Theorem J, it is natural to ask the question whether a regular graph 
of even order with the odd-cycle property is 1-factorable? With Petersen graph as 
a counterexample in our hands, we probably can say that the answer to this question 
is 'no'. However, by induction and Theorem J, we can have the following Theorem 5 
instead. 
Theorem 5. Let G be a graph of  even order with the strong odd-cycle property. Then 
G is 1-factorable i f  and only i f  G is regular. 
Corollary. Let G be a regular graph of  even order with the strong odd-cycle property. 
Then xI(G) = A. 
Remark 3. Let us remark that this corollary is best possible in the sense that neither 
the 'even order' nor 'regular' can be omitted. Also, the 'strong odd-cycle property' 
cannot be replaced by the 'odd-cycle property'. These facts should be seen from any 
odd cycle, the graph in Fig. 1 and the Petersen graph since these graphs have the 
corresponding properties, but have edge chromatic number A + 1. 
Proof  of Theorem 5. The necessity is trivial. Conversely, let G be an r-regular 
graph of even order with the property that any two odd-cycles have a vertex in com- 
mon. We show the sufficiency by induction on r ~>2. In view of Theorem J, G has 
a 1-factor F. Then G - E(F)  is an (r - 1 )-regular graph having at most one compo- 
nent that is not bipartite. In addition, it is easy to see that each bipartite component of 
G-  E(F)  is of even order since it is regular, and hence the non-bipartite component 
if any is also of even order. Besides, each component of G - E (F )  still has the strong 
odd-cycle property. Thus, every component of G -E (F )  can be decomposed into r -  1 
1-factors by induction, whence G can be decomposed into r 1-factors. 
Our next theorem and its corollary extend Theorem J. Before stating it, let us refresh 
a definition. A graph G is called an [a,b]-graph if a<~dega(x)<~b for all xE  V(G). 
Theorem 6. Let G be an [r, r + t]-graph of  even order with the odd-cycle property 
and let ni be the number o f  vertices o f  degree r + i. I f  n I + 2n2 + • •. + tnt < r, then 
G has a perfect matching. 
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Proof .  For any S C V(G), let Si =I(G[S])  and $2 :S -  $1. Then, we have 
r]Sll : ec,(Si,Nc(Sl )) 
<~ ec(V(G)  - N~;(SI),N6(SI)) 
<~ rlNc(St )l + nl + 2n2 + . . .  + tnt. 
Hence, it fol lows that 
rlSt = rlS, I + rl&l 
<~ r(IN~(S~)l + I&l) +'~ +2n2 +. . -+tn ,  
~< rlNc,(S)l +n~ +2n2 +'"  +tnt, 
which  leads that 
nl + 2n2 + . . .  + tnt 
]S[<~INc,(S)I + <tNG(S)I + 1 
F 
since n~ +2n2+. . .+tn ,  <r. This yields [NG(S)[ >~ ISt. Thus, by appealing to Theorem H 
we can assert that G has a perfect matching. 
Corol lary.  Let G be an [r, r + 1]-graph oJ' even order with the odd-cycle property. I f  
there are at most r - 1 vertices o f  degree r + 1 in G, then G has a perfect matching. 
Finally, let us end this section with a problem. 
Problem. Improve Theorem 5 by weakening the condition on odd cycles, though 
Petersen graph might be an exception. 
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